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GLOBAL SOLUTIONS TO THE DISSIPATIVE
QUASI-GEOSTROPHIC EQUATION WITH DISPERSIVE
FORCING
MIKIHIRO FUJII
Abstract. We consider the initial value problem for the 2D quasi-geostrophic
equation with weak dissipation term κ(−∆)α/2θ (0 < α 6 1) and dispersive forc-
ing term Au2. We establish a unique global solution for a given initial data θ0
which belongs to the scaling subcritical Sobolev space Hs(R2) (s > 2 − α) if the
size of dispersion parameter is sufficiently large. This phenomenon is so-called the
global regularity. We also obtain the relationship between the initial data and the
dispersion parameter, which ensures the existence of the global solution. Moreover,
we show the global regularity in the scaling critical Sobolev space H2−α(R2) and
find that the size of dispersion parameter to ensure the global existence is deter-
mined by each subset K ⊂ H2−α(R2), which is precompact in some homogeneous
Sobolev spaces.
1. Introduction
We consider the initial value problem for the 2D dissipative dispersive quasi-
geostrophic equation:
∂tθ + κ(−∆)
α
2 θ + u · ∇θ + Au2 = 0 t > 0, x ∈ R
2,
u = R⊥θ = (−R2θ,R1θ) t > 0, x ∈ R
2,
θ(0, x) = θ0(x) x ∈ R
2,
(1.1)
where θ = θ(t, x) and u = (u1(t, x), u2(t, x)) are the unknown potential temperature
and the velocity field of the fluid, respectively. θ0 = θ0(x) is the given initial potential
temperature. A real constant A ∈ R \ {0} and κ > 0 represents the dispersion
parameter and the dissipative coefficient, respectively. The operators (−∆)
α
2 (α > 0)
and Rk (k = 1, 2) denote nonlocal differential operators so-called the fractional
Laplacian and the Riesz transforms on R2, respectively and they are defined by
(−∆)
α
2 f = F−1|ξ|αFf, Rkf = ∂xk(−∆)
−1/2f = F−1iξk|ξ|
−1
Ff.
If θ and A satisfy (1.1), then for any λ > 0,
θλ(t, x) := λ
α−1θ(λαt, λx), Aλ := λ
2α−1A (1.2)
also satisfy (1.1). Since ‖θλ(0, ·)‖H˙2−α = ‖θ(0, ·)‖H˙2−α holds for all λ > 0, H˙
2−α(R2)
is the critical Sobolev space with respect to the scaling (1.2).
In this manuscript, we prove the existence and uniqueness of the global solution
to (1.1) for given initial data θ0 ∈ H
s(R2) with s > 2−α if the size of the dispersion
parameter is sufficiently large. This phenomenon is so-called the global regularity.
In particular, for the subcritical case s > 2− α, we obtain the relationship between
θ0 and |A| which ensures the global existence of the solution. On the other hand, in
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the critical case s = 2 − α, we show that the lower bound of the size of dispersion
parameter to obtain the global solution is determined by each subset K ⊂ H2−α(R2)
which is precompact in H˙2−α(R2) ∩ H˙1−α(R2).
Before we state our main results precisely, we recall some known results for the
equation (1.1). First, we consider the non-dispersive case A = 0. There are many
literatures on this case. In the case of 1 < α 6 2, Constantin-Wu [9] and Carrio-
Ferreira [4] proved the existence of the global solution for θ0 ∈ L
2(R2) and θ0 ∈
L
2
α−1 (R2), respectively. In the case of α = 1, Zhang [20] proved the global well-
posedness for the small initial data θ0 ∈ B˙
2/p
p,1 (R
2) (1 6 p 6 ∞). Chen-Zhang [8]
also proved the global in time existence for the small initial data θ0 in the Tribel-
Lizorkin space F sp,q(R
2) (s > 2/p, 1 < p, q <∞). In the case of 0 < α < 1, the local
and global well-posedness results in the critical Sobolev spaces and Besov spaces are
considered by [2, 5, 7, 15, 17]. In particular, Miura [15] considered the case κ = 1
and proved the existence of a unique local solution for all θ0 ∈ H
2−α(R2). In [15],
it is also shown that there exists δ = δ(α) > 0 such that if θ0 ∈ H
2−α(R2) satisfies
‖θ0‖H˙2−α 6 δ, then (1.1) with A = 0 possesses a unique global solution in the class
(1.3) below. Chen-Miao-Zhang [7] proved the existence of a unique local solution
for θ0 ∈ B
2/p+1−α
p,q (R2) (2 6 p <∞, 1 6 q <∞) and the existence of a unique global
solution if the initial data satisfies ‖θ0‖B˙2/p+1−αp,q 6 κδ for some small δ > 0.
We next focus on the dispersive case A 6= 0. In the inviscid case κ = 0, the sharp
decay estimate for the corresponding linear dispersive propagator
e−tAR1f(x) :=
1
(2π)2
∫
R2
e
iξ·x−tA
iξ1
|ξ| f̂(ξ) dξ
is given by [10,16,18]. Using the dispersive estimate, Elgindi-Widmayer [10] proved
that for the initial data θ0 satisfying ‖θ0‖H4+δ , ‖θ0‖W 3+µ,1 6 ε (δ, µ > 0), there
exists a unique solution θ to (1.1) with κ = 0 and A = 1, in the class θ ∈
C([0, T ];H4+δ(R2)) with T ∼ ε−
4
3 . Wan-Chen [18] proved the long-time solv-
ability for (1.1) with κ = 0 in Hs+1(R2) (s > 2), which means that for any
θ0 ∈ H
s+1(R2) (s > 2), a unique solution exists on an arbitrary finite time interval
[0, T ] if the size of dispersion parameter is sufficiently large. The author [11] relaxed
the smoothness conditions and proved the long-time solvability in Hs(R2) (s > 2),
which is the same regularity as the local existence results for (1.1) with κ = 0, and
it is also proved in [11] that the long-time solution converges to the corresponding
linear solution e−AtR1θ0 as |A| → ∞ in C([0, T ];H
s−1(R2)) with convergence rate
O(|A|−
1
q ) (4 6 q 6∞). Cannone-Miao-Xue [6] considered the dissipative dispersive
case κ,A > 0 and proved the global regularity for (1.1) in the critical Sobolev space
H2−α(R2) with 0 < α < 1. More precisely, for any θ0 ∈ H
2−α(R2) (0 < α < 1),
there exists a positive constant A0 = A0(α, κ, θ0) such that for any A > A0, (1.1)
possesses a unique global solution θ in the class
θA ∈ C([0,∞);H2−α(R2)) ∩ L2(0,∞; H˙2−
α
2 (R2)). (1.3)
It is also shown in [6] that
θA − e−κt(−∆)
α/2
e−AtR1θ0 → 0
as A→∞ in L∞(0,∞;H2−α(R2)) ∩ L2(0,∞; H˙2−
α
2 (R2)).
In this paper, we consider the global regularity for (1.1) with 0 < α 6 1, κ > 0
and A 6= 0. We first prove the existence of a unique global solution to (1.1) for given
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initial data θ0 which belongs to the subcritical Sobolev space H
s(R2) (s > 2 − α)
if the size of dispersion parameter is so large that the explicit size condition (1.5)
below is satisfied. Second, we consider the critical case s = 2 − α with 0 < α < 1
and obtain the global regularity result in H2−α(R2). We also find that we can take
the lower bound A0 of the size of the dispersion parameter uniformly in θ0 ∈ K for
fixed subset K ⊂ H2−α(R2) which is precompact in H˙2−α(R2) ∩ H˙1−α(R2).
Our first main result is as follows.
Theorem 1.1. Let 0 < α 6 1, κ > 0 and let p, s satisfy
8
4− α
6 p <
4
2− α
, 2− α < s < min
{
1 +
2
p
−
α
2
, 2−
(
3
4
+
1
2p
)
α
}
. (1.4)
Then, there exists a positive constant C0 = C0(α, p, s) such that if θ0 ∈ H
s(R2) and
A ∈ R \ {0} satisfy
‖θ0‖H˙s 6 C0κ
2−s
α
[
min
{
|A|, κ
1
s+α−1 |A|
s+α−2
s+α−1
}] s−(2−α)
α
,
‖θ0‖H˙s−1 6 C0κ
2−s
α |A|
s−(2−α)
α ,
(1.5)
then (1.1) possesses a unique global solution θ in the class
θ ∈ C([0,∞);Hs(R2)) ∩ Lr(0,∞; B˙sp,2(R
2)), (1.6)
where r = α/(s− (1 + 2/p− α)).
Remark 1.2.
(i) For each 0 < α 6 1, the set of all (p, s) satisfying the assumption (1.4) is not
empty.
(ii) The function space Lr(0,∞; B˙sp,2(R
2)) is invariant under the scaling (1.2),
that is ‖θλ‖Lr(0,∞;B˙sp,2) ∼ ‖θ‖Lr(0,∞;B˙sp,2) (λ > 0).
(iii) It immediately follows from Theorem 1.1 that for any θ0 ∈ H
s(R2), if A ∈ R
satisfies |A| > A0, where
A0 := Cmax
{
‖θ0‖
s+α−1
s+α−2
H˙s
, ‖θ0‖H˙s, ‖θ0‖H˙s−1
} α
s−(2−α)
for some C = C(κ, α, p, s) > 0, then (1.1) possesses a unique solution θ in
the class (1.6). We note that A0 is independent of the size of L
2(R2)-norm
of the initial data.
Remark 1.2 (iii) implies that the size of dispersion parameter to obtain the global
solution is determined by each subset B ⊂ Hs(R2) which is bounded in H˙s(R2) ∩
H˙s−1(R2).
Next, we consider the global regularity in the critical Sobolev space H2−α(R2)
with 0 < α < 1 and obtain the following result:
Theorem 1.3. Let 0 < α < 1, κ > 0 and 8/(4 − α) < p < 4/(2 − α). Then,
for each subset K ⊂ H2−α(R2) which is precompact in H˙2−α(R2) ∩ H˙1−α(R2), there
exists a constant A0 = A0(κ, α, p,K) > 0 such that for every θ0 ∈ K and A ∈ R
with |A| > A0, (1.1) possesses a unique global solution θ in the class
θ ∈ C([0,∞);H2−α(R2)) ∩ Lρ(0,∞; B˙2−αp,2 (R
2)), (1.7)
where ρ = α/(1− 2/p).
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Remark 1.4.
(i) In the view point of the lower bound A0 of the dispersion parameter to obtain
the global solution, Theorem 1.3 improves Theorem 1.4 in [6] since our A0
is independent of ‖θ0‖L2 and is uniformly determined in θ0 ∈ K for each K.
(ii) Our proof breaks down if α = 1 or p = 8/(4 − α). We mention this reason
in the last paragraph of Section 5.
Theorem 1.1 and Theorem 1.3 can be compared to the global regularity results for
the 3D rotating Navier-Stokes equation. Iwabuchi-Takada [13] and Koh-Lee-Takada
[14] proved the global regularity for the 3D rotating Navier-Stokes equation in the
subcritical Sobolev spaces H˙s(R3) (1/2 < s < 9/10) and obtained the relationship
between the initial data and the dispersion parameter so-called the Coriolis param-
eter. [13] also showed the global regularity in the critical Sobolev space H˙
1
2 (R3)
and found that the lower bound of the size of Coriolis parameter is detemined by
precompact set in H˙
1
2 (R3). Their method is based on the contraction mapping prin-
ciple via the smoothing effect of the heat kernel et∆ and the dispersive estimate for
the semigroup generated by the Coriolis force term. However, in the case of the
2D dissipative dispersive quasi-geostrophic equation (1.1), we cannot to derive the
suitable estimate for the Duhamel term∫ t
0
e−κ(t−τ)(−∆)
α
2 e−A(t−τ)R1(u(τ) · ∇θ(τ)) dτ
and cannot apply the method of [13] and [14], since the smoothing effect of the
semigroup e−κt(−∆)
α
2 is too weak to control the spacial derivative in the nonlinear
term of (1.1). Focusing on the asymptotic profile of the solution to (1.1) as |A| → ∞,
[6] got over this difficulty by the energy method and commutator estimates for
the perturbation between the solution to (1.1) and the regularized linear solution.
However, we cannot obtain the explicit relationship between homogeneous Sobolev
norms of the initial data and the size of dispersion parameter by using the method
of [6]. In this article, we overcome these difficulties and obtain Theorem 1.1 and
Theorem 1.3 by the following ideas.
In the proof of Theorem 1.1, we consider the successive approximation sequence
{θn}∞n=0 (see (4.1) in Section 4) and decompose θ
n+1 into the regularized linear
solution θ˜AN = e
−κt(−∆)
α
2 e−AtR1SN+3θ0 (see (2.1) in Section 2, (3.3) in Section 3
and Section 4) and the perturbation θn+1 − θ˜AN . The first term is controled by
the Strichartz type space-time estimate for the linear propagator e−κt(−∆)
α
2 e−AtR1
(Proposition 3.1 in Section 3). For the estimate of the second term θn+1 − θ˜AN , we
apply the energy method to the equation
∂t(θ
n+1 − θ˜AN ) + κ(−∆)
α
2 (θn+1 − θ˜AN ) + AR1(θ
n+1 − θ˜AN )
= −un · ∇(θn+1 − θ˜AN)− u
n · ∇θ˜AN
(1.8)
with un = R⊥θn and θn+1(0, x) − θ˜A(0, x) = (1 − SN+3)θ0. The idea of computa-
tion for the energy estimate is based on the argument in [15], which combines the
smoothing effect of the semigroup e−κt(−∆)
α
2 and appropriate commutator estimates.
Thanks to these two properties, we can control the first term of the right hand side
of (1.8). In order to estimate the second term of the right hand side of (1.8), we
THE 2D DISSIPATIVE DISPERSIVE QUASI-GEOSTROPHIC EQUATION 5
adapt the product estimate (Lemma 2.3 in Section 2) and
‖θ˜AN (t)‖B˙s+1p,2 6 C2
N‖e−κt(−∆)
α
2 e−AtR1θ0‖B˙sp,2. (1.9)
This is the reason why we use the regularized linear solution instead of the lin-
ear solution. This idea comes from [3, 6]. The condition of ‖θ0‖H˙s−1 in (1.5) is
derived from the estimate of this term. It also follows from the smoothing effect
of e−κt(−∆)
α
2 that the initial pertubation in the energy estimate converges to 0 as
N → ∞ with the convergence rate O(2(2−α−s)N). This convergence rate, (1.9)
and the Strichartz type estimates for the linear solution (see in Section 3) give
us the explicit size condition of the initial data and dispersion parameter (1.5)
by choosing appropriate N . Hence, combining these estimates, we have the uni-
form boundedness of {θn}∞n=0 in L
r(0,∞; B˙sp,2(R
2)) under the assumption (1.5).
This boundedness and the similar energy calculation as above yield the uniform
boundedness of {θn}∞n=0 in L
2(0,∞; B˙σp,2(R
2)) (σ = 1+ 2/p− α/2). Combining this
boundedness and the standard energy calculation, we have the uniform bounded-
ness of {θn}∞n=0 in L˜
∞(0,∞;Hs(R2)). Next, we derive the estimate for the difference
θn+1 − θn in Lr(0,∞; B˙s−1p,2 (R
2)) by the similar argument as above and we see that
{θn}∞n=0 is a Cauchy sequence in L
r(0,∞; B˙s−1p,2 (R
2)) if (1.5) holds. Hence, letting
n → ∞, we obtain a limit θ in Lr(0,∞; B˙s−1p,2 (R
2)) and we find that θ is a so-
lution to (1.1). We also see that θ satisfies (1.6) by the uniform boundedness in
L˜∞(0,∞;Hs(R2)) ∩ Lr(0,∞; B˙sp,2(R
2)). The uniqueness of solutions holds by the
similar energy calculation as above and this completes the proof of Theorem 1.1.
In the proof of Theorem 1.3, we replace the estimates for the initial perturbation
(1 − SN+3)θ0 and linear solution e
−κt(−∆)
α
2 e−AtR1θ0 by estimates derived from the
compact convergences in Lemma 5.1 in Section 5. Then, the similar argument as in
the proof of Theorem 1.1 completes the proof.
Next, we introduce an application of Theorem 1.1. We consider the following
quasi-geostrophic equation with the large dispersive forcing and the small dissipative
coefficient:
∂tθ + A
−β(−∆)
α
2 θ + u · ∇θ + Au2 = 0 t > 0, x ∈ R
2,
u = R⊥θ = (−R2θ,R1θ) t > 0, x ∈ R
2,
θ(0, x) = θ0(x) x ∈ R
2,
(1.10)
where A > 0, β > 0 and 0 < α < 1. Although the dissipative coefficient A−β is
small if A is large, by using the dispersive effect of Au2, Wan-Chen [19] proved that
if 0 < β < 1/3, 0 < η < 1 with γ = (1−3β−5ηβ−η)/(2η+2) > 0 and θ0 ∈ H
s(R2)
with s > 4 satisfy
‖θ0‖
1
1+η
B˙σp,1
‖θ0‖
1+2η
1+η
H2+η + ‖θ0‖
2
Hs 6 CA
γ, p =
2
2− η
, σ = 3− η −
α
2
(1 + 3η)
for some C > 0, then (1.10) possesses a unique global solution. We relax the
regularity assumption and obtain the following corollary of Theorem 1.1:
Corollary 1.5. Let α, p, s and r be the same indices as in Theorem 1.1 and let
0 < β <
(s+ α− 2)2
(2− s)(s+ α− 2) + α
.
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If θ0 ∈ H
s(R2) and A > 0 satisfy
‖θ0‖H˙s 6 C0 min
{
A
s+2−α−(2−s)β
α , A
(s+α−2)2−((2−s)(s+α−2)+α)β
α(s+α−1)
}
,
‖θ0‖H˙s−1 6 C0A
s+2−α−(2−s)β
α ,
where C0 is the positive constant in Theorem 1.1, then (1.10) possesses a unique
global solution θ in the class (1.6).
This paper is organized as follows. In Section 2, we summarize some notations and
estimates which are used in later sections. In Section 3, we establish the Strichartz
type space-time estimate for linear solutions. In Section 4, we prove Theorem 1.1.
Finally in Section 5, we show Theorem 1.3.
Throughout this paper, we denote by C the constant, which may differ in each
line. In particular, C = C(a1, ..., an) means that C depends only on a1, ..., an. We
define a commutator for two operators A and B as [A,B] = AB − BA.
2. Preliminaries
Let S (R2) be the set of all Schwartz functions on R2 and S ′(R2) be the set of
all tempered distributions on R2. For f ∈ S (R2), we define the Fourier transform
and the inverse Fourier transform of f by
F [f ](ξ) = f̂(ξ) :=
∫
R2
e−iξ·xf(x) dx, F−1[f ](x) :=
1
(2π)2
∫
R2
eiξ·xf(ξ) dξ,
respectively. {ϕj}j∈Z is called the homogeneous Littlewood-Paley decomposition if
ϕ0 ∈ S (R
2) satisfy supp ϕ̂0 ⊂ {2
−1 6 |ξ| 6 2}, 0 6 ϕ̂0 6 1 and∑
j∈Z
ϕ̂j(ξ) = 1, ξ ∈ R
2 \ {0},
where ϕ̂j(ξ) = ϕ̂0(2
−jξ). Let us write
∆jf := F
−1ϕ̂j(ξ)Ff, Sjf :=
∑
k6j−3
∆jf (2.1)
for j ∈ Z and f ∈ S ′(R2). Using the homogeneous Littlewood-Paley decomposition,
we define the Besov spaces. For 1 6 p, q 6 ∞ and s ∈ R, the homogeneous Besov
space B˙sp,q(R
2) is defined by
B˙sp,q(R
2) :=
{
f ∈ S ′(R2)/P(R2) ; ‖f‖B˙sp,q <∞
}
,
‖f‖B˙sp,q :=
∥∥∥{2js‖∆jf‖Lp}j∈Z∥∥∥lq(Z) ,
where P(R2) denotes by the set of all polynomials on R2. It is well known that if
1 6 p, q 6∞ and s < 2/p, then we can identify B˙sp,q(R
2) as{
f ∈ S ′(R2) ; f =
∑
j∈Z
∆jf in S
′(R2) and ‖f‖B˙sp,q <∞
}
.
The homogeneous Sobolev spaces based on L2(R2) are defined as the special case of
the homogeneous Besov spaces:
H˙s(R2) := B˙s2,2(R
2), s ∈ R.
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For s > 0, the inhomogeneous Sobolev space Hs(R2) is defined by
Hs(R2) := H˙s(R2) ∩ L2(R2),
‖f‖Hs := ‖f‖H˙s + ‖f‖L2 .
In this paper, we also use the space-time Besov space L˜r(0,∞; B˙sp,q(R
2)) (1 6
p, q, r 6∞, s ∈ R), which is defined by
L˜r(0,∞; B˙sp,q(R
2)) :=
{
F : (0,∞)→ S ′(R2)/P(R2) ; ‖F‖L˜r(0,∞;B˙sp,q) <∞
}
,
‖F‖L˜r(0,∞;B˙sp,q) :=
∥∥∥{2sj‖∆jF‖Lr(0,∞;Lp)}j∈Z∥∥∥lq(Z) .
Next, we introduce the Bony paraproduct formula. For two functions f and g on
R2, we decompose the product fg as
fg = Tfg +R(f, g) + Tgf,
where
Tfg :=
∑
l∈Z
Slf∆lg, R(f, g) :=
∑
l∈Z
∑
|k−l|62
∆kf∆lg.
For two vector fields u = (u1, u2) and v = (v1, v2) on R
2, we write
Tuv :=
2∑
m=1
∑
l∈Z
Slum∆lvm, R(u, v) :=
2∑
m=1
∑
l∈Z
∑
|k−l|62
∆kum∆lvm.
Then, we see that
u · v = Tuv +R(u, v) + Tvu.
Under these notations, the following lemma holds:
Lemma 2.1 ([1]).
(1) Let 1 6 p, p1, p2, q 6 ∞ satisfy 1/p = 1/p1 + 1/p2 and let s1, s2 ∈ R satisfy
s1 < 0. Then, there exists a constant C = C(s1, s2, q) > 0 such that
‖Tfg‖B˙s1+s2p,q 6 C‖f‖B˙
s1
p1,q
‖g‖B˙s2p2,q
holds for all f ∈ B˙s1p1,q(R
2) and g ∈ B˙s2p2,q(R
2).
(2) Let s1, s2 ∈ R satisfy s1 + s2 > 0 and let 1 6 p, p1, p2, q, q1, q2 6 ∞ satisfy
1/p = 1/p1 + 1/p2 and 1/q = 1/q1 + 1/q2. Then, there exists a constant
C = C(s1, s2) > 0 such that
‖R(f, g)‖
B˙
s1+s2
p,q
6 C‖f‖B˙s1p1,q1
‖g‖B˙s2p2,q2
holds for all f ∈ B˙s1p1,q1(R
2) and g ∈ B˙s2p2,q2(R
2).
Using Lemma 2.1, we obtain following three lemmas:
Lemma 2.2. Let 2 6 p 6 4 and let 1 6 q 6 ∞. Let s1, s2 < 2(2/p− 1/2) satisfy
s1 + s2 > 0. Then, there exists a constant C = C(p, q, s1, s2) > 0 such that
‖fg‖
B˙
s1+s2−2(2/p−1/2)
2,q
6 C‖f‖B˙s1p,q‖g‖B˙s2p,q
holds for all f ∈ B˙s1p,q(R
2) and g ∈ B˙s2p,q(R
2).
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Proof. By the Bony paraproduct formula, it holds
‖fg‖
B˙
s1+s2−2(2/p−1/2)
2,q
6‖Tfg‖B˙s1+s2−2(2/p−1/2)2,q
+ ‖R(f, g)‖
B˙
s1+s2−2(2/p−1/2)
2,q
+ ‖Tgf‖B˙s1+s2−2(2/p−1/2)2,q
.
(2.2)
Let p∗ satisfy 1/p∗ = 1/2 − 1/p. It follows from Lemma 2.1 (1), s1 < 2(2/p− 1/2)
and the continuous embedding B˙s1p,q(R
2) →֒ B˙
s1−2(2/p−1/2)
p∗,q (R
2) that
‖Tfg‖B˙s1+s2−2(2/p−1/2)2,q
6 C‖f‖
B˙
s1−2(2/p−1/2)
p∗,q
‖g‖B˙s2p,q
6 C‖f‖B˙s1p,q‖g‖B˙s2p,q .
(2.3)
Similarly, by s2 < 2(2/p− 1/2) it holds
‖Tgf‖B˙s1+s2−2(2/p−1/2)2,q
6 C‖f‖B˙s1p,q‖g‖B˙s2p,q . (2.4)
On the other hand, from the continuous embedding B˙s1+s2p/2,q (R
2) →֒ B˙
s1+s2−2(2/p−1/2)
2,q (R
2),
Lemma 2.1 (2) and s1 + s2 > 0, it follows
‖R(f, g)‖
B˙
s1+s2−2(2/p−1/2)
2,q
6 C‖R(f, g)‖
B˙
s1+s2
p/2,q
6 C‖f‖B˙s1p,q‖g‖B˙s2p,q . (2.5)
Combining estimates (2.2)-(2.5) completes the proof. 
Lemma 2.3. Let 2 6 p 6 4 and let 2/p < s < 4/p. Then, there exists a constant
C = C(p, s) > 0 such that
‖v · ∇f‖H˙2s−4/p 6 C(‖v‖B˙s−1p,2 ‖f‖B˙
s+1
p,2
+ ‖v‖B˙sp,2‖f‖B˙sp,2)
holds for all v ∈ (B˙s−1p,2 (R
2) ∩ B˙sp,2(R
2))2 and f ∈ B˙sp,2(R
2) ∩ B˙s+1p,2 (R
2).
Proof. The Bony paraproduct formula yields that
‖v · ∇f‖H˙2s−4/p 6 ‖Tv∇f‖H˙2s−4/p + ‖R(v,∇f)‖H˙2s−4/p + ‖T∇fv‖H˙2s−4/p . (2.6)
Let 1/p∗ = 1/2− 1/p. By s < 4/p = 1 + 2(2/p− 1/2) and Lemma 2.1, we see that
‖Tv∇f‖H˙2s−4/p 6 C‖v‖B˙s−1−2(2/p−1/2)
p∗,2
‖∇f‖B˙sp,2 6 C‖v‖B˙
s−1
p,2
‖f‖B˙s+1p,2 , (2.7)
and
‖T∇fv‖H˙2s−4/p 6 C‖∇f‖B˙s−1−2(2/p−1/2)
p∗,2
‖v‖B˙sp,2 6 C‖v‖B˙sp,2‖f‖B˙sp,2. (2.8)
It follows from 2s− 4/p > 0 and Lemma 2.1 (2) that
‖R(v,∇f)‖H˙2s−4/p 6 C‖v‖B˙s−2(2/p−1/2)
p∗,2
‖∇f‖B˙s−1p,2 6 C‖v‖B˙sp,2‖f‖B˙sp,2 . (2.9)
By (2.6)-(2.9), we complete the proof. 
In order to control the nonlinear term of (1.1), we introduce a commutator esti-
mate:
Lemma 2.4. Let 2 6 p 6 4 and let s1, s2 ∈ R satisfy 2(2/p − 1/2) < s1 <
1 + 2(2/p − 1/2) and s2 < 2(2/p − 1/2) and s1 + s2 > 0. Then, there exists a
constant C = C(p, s1, s2) > 0 such that{∑
j∈Z
(
2(s1+s2−2(
2
p
− 1
2))j‖[f,∆j ]g‖L2
)2}1/2
6 C‖f‖B˙s1p,2‖g‖B˙
s2
p,2
holds for all f ∈ B˙s1p,2(R
2) and g ∈ B˙s2p,2(R
2).
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Proof. The proof is based on the argument in ([15] Section 3, Proposition 2). Let
us decompose [f,∆j ]g as follows:
[f,∆j ]g = [Tf ,∆j ]g +R(f,∆jg) + T∆jgf −∆jR(f, g)−∆jTgf. (2.10)
Since it holds
[Tf ,∆j]g = 2
−j
∑
|k−j|63
∫
R2
ϕ0(y)
∫ 1
0
y · Sk∇f(x− 2
−jτy)dτ∆kg(x− 2
−jy)dy,
we have
‖[Tf ,∆j]g‖L2 6 2
−j
∑
|k−j|63
∫
R2
|y| · |ϕ0(y)|dy · ‖Sk∇f‖Lp∗‖∆kg‖Lp
6 C2−j
∑
|k−j|63
∑
l6k−3
2(1−s
′)l2(s
′−1)l‖∆l∇f‖Lp∗‖∆kg‖Lp
6 C2−j
∑
|k−j|63
{∑
l6k−3
22(1−s
′)l
} 1
2
‖∇f‖
B˙s
′−1
p∗,2
‖∆kg‖Lp
6 C2−s
′j‖f‖
B˙
s′+2(2/p−1/2)
p,2
∑
|k−j|63
‖∆kg‖Lp
= C2(−s1+(
2
p
− 1
2))j‖f‖B˙s1p,2
∑
|k−j|63
‖∆kg‖Lp
6 C2−(s1+s2−2(
2
p
− 1
2))j‖f‖B˙s1p,2
∑
|k−j|63
2s2k‖∆kg‖Lp,
(2.11)
where s′ = s1 − 2(2/p− 1/2) < 1 and 1/p
∗ = 1/2− 1/p. Next, as we see that
R(f,∆jg) =
∑
|k−j|62
∆′kf∆k∆jg, ∆
′
k :=
∑
|i−k|62
∆i,
we obtain
‖R(f, g)‖L2 6
∑
|k−j|62
‖∆′kf‖Lp∗‖∆k∆jg‖Lp
6 C2−(s1+s2−2(
2
p
− 1
2))j
∑
|k−j|62
(
2(s1+s2−2(
2
p
− 1
2))k‖∆′kf‖Lp∗
)
2s2j‖∆jg‖Lp
6 C2−(s1+s2−2(
2
p
− 1
2))j
∑
|k−j|62
(
2s1k‖∆′kf‖Lp
)
2s2j‖∆jg‖Lp.
(2.12)
Since
T∆jgf =
∑
k>j−2
Sk(∆jg)∆kf,
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we have
‖T∆jgf‖L2 6
∑
k>j−2
‖Sk(∆jg)‖Lp‖∆kf‖Lp∗
6 C‖∆jg‖Lp
∑
k>j−2
‖∆kf‖Lp∗
6 C‖∆jg‖Lp
( ∑
k>j−2
2−2k(s1−2(
2
p
− 1
2))
) 1
2
‖f‖
B˙
s−2(2/p−1/2)
p∗,2
6 C2−j(s1−2(
2
p
− 1
2))‖∆jg‖Lp‖f‖B˙sp,2.
(2.13)
It follows from Lemma 2.1 that{∑
j∈Z
22(s1+s2−2(
2
p
− 1
2))j (‖∆jR(f, g)‖L2 + ‖∆jTgf‖L2)
2
} 1
2
6 ‖R(f, g)‖
B˙
s1+s2−2(2/p−1/2)
p,2
+ ‖Tgf‖B˙s1+s2−2(2/p−1/2)p,2
6 C‖f‖B˙s1p,2‖g‖B˙
s2
p,2
.
(2.14)
Combining (2.10)-(2.14) completes the proof. 
3. Linear estimates
In this section, we consider estimates for the solution to the linearized equation
corresponding to (1.1):{
∂tθ˜
A + κ(−∆)
α
2 θ˜A + AR1θ˜
A = 0 t > 0, x ∈ R2,
θ˜A(0, x) = θ0(x) x ∈ R
2.
(3.1)
Applying the Fourier transform to (3.1), we have
∂t
̂˜
θA(t, ξ) + κ|ξ|α
̂˜
θA(t, ξ) + A
iξ1
|ξ|
̂˜
θA(t, ξ) = 0,
with
̂˜
θA(0, ξ) = θ̂0(ξ). Solving this ordinary differential equation, we see that̂˜
θA(t, ξ) = e−κt|ξ|
α
e−At
iξ1
|ξ| θ̂0(ξ).
This implies
θ˜A(t, x) = TA(t)θ0(x), (3.2)
where the opretator TA(t) is defined by
TA(t)f(x) := e
κt(−∆)
α
2 e−AtR1f(x) =
1
(2π)2
∫
R2
eix·ξe−κt|ξ|
α
e−At
iξ1
|ξ| f̂(ξ) dξ. (3.3)
Hence, our interest is to derive estimates for the operator TA(t) and we obtain the
following Strichartz type estimate:
Proposition 3.1. Let 0 < α 6 2, 2 < p, r <∞ satisfy
1
α
(
1−
2
p
)
6
1
r
<
(
1
α
+
1
4
)(
1−
2
p
)
. (3.4)
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Then, there exists a constant C = C(α, p, r) > 0 such that
‖TA(·)f‖L˜r(0,∞;B˙sp,q) 6 Cκ
− 1
α(1−
2
p)|A|
1
α(1−
2
p)−
1
r ‖f‖B˙s2,q (3.5)
holds for all A ∈ R \ {0}, 1 6 q 6∞, s ∈ R and f ∈ B˙s2,q(R
2).
Proof. The proof is based on the argument in Lemmas 2.2 and 3.3 in [14]. It follows
from Lemma 2.2 in [16] that
‖e−AtR1∆˜0g‖L∞ 6 C(1 + |At|)
− 1
2‖g‖L1
for all A, t ∈ R and g ∈ L1(R2). Here, we have put ∆˜0 := ∆−1 + ∆0 + ∆1. The
Plancherel theorem yields that
‖e−AtR1∆˜0g‖L2 6 C‖g‖L2 (3.6)
for all A, t ∈ R and g ∈ L2(R2). By (3.5), (3.6) and the Riesz-Thorin interpolation
theorem, it holds
‖e−AtR1∆˜0g‖Lp 6 C(1 + |At|)
− 1
2(1−
2
p)‖g‖Lp′ (3.7)
for all g ∈ Lp
′
(R2). On the other hand, the changing variable η = 2−jξ gives
e−AtR1∆jf(x) =
1
(2π)2
∫
R2
eix·ξe−At
iξ1
|ξ| ϕ̂j(ξ)f̂(ξ) dξ
=
1
(2π)2
∫
R2
ei2
jx·ηe−At
iη1
|η| ϕ̂0(η)f̂(2
jη) 22jdη
=
1
(2π)2
∫
R2
ei2
jx·ηe
−At
iη1
|η| ̂˜ϕ0(η)ϕ̂0(η)f̂(2−j·)(η) dη
= e−AtR1∆˜0∆0[f(2
−j·)](2jx),
(3.8)
where ϕ˜0 := ϕ−1 + ϕ0 + ϕ1. (3.7) and (3.8) imply that
‖e−AtR1∆jf‖Lp = ‖e
−AtR1∆˜0∆0[f(2
−j·)](2jx)‖Lpx
= 2−
2
p
j‖e−AtR1∆˜0∆0[f(2
−j·)]‖Lp
6 C2−
2
p
j(1 + |At|)−
1
2(1−
2
p)‖∆0[f(2
−j·)]‖Lp′
= C22(1−
2
p)j(1 + |At|)−
1
2(1−
2
p)‖∆jf‖Lp′ .
(3.9)
Next, let φ ∈ C∞c ((0,∞) × R
2). Then, the Plancherel theorem and the Schwartz
inequality yield that∣∣∣∣∫ ∞
0
∫
R2
TA(t)∆jf(x)φ(t, x) dxdt
∣∣∣∣
=
1
(2π)2
∣∣∣∣∫ ∞
0
∫
R2
ϕ̂j(ξ)f̂(ξ)e−κt|ξ|
αeAt
iξ1
|ξ| ̂˜ϕj(ξ)φ̂(t, ξ) dξdt∣∣∣∣
=
∣∣∣∣∫ ∞
0
∫
R2
∆jf(x)e−κt(−∆)
α
2 eAtR1∆˜jφ(t, x) dxdt
∣∣∣∣
6 ‖∆jf‖L2
∥∥∥∥∫ ∞
0
e−κt(−∆)
α
2 eAtR1∆˜jφ(t) dt
∥∥∥∥
L2
,
(3.10)
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where ϕ˜j := ϕj−1+ϕj+ϕj+1, ∆˜j := ∆j−1+∆j+∆j+1 and we have used ̂˜ϕj(ξ)·ϕ̂j(ξ) =
ϕ̂j(ξ). By the Hölder inequality, it holds∥∥∥∥∫ ∞
0
e−κt(−∆)
α
2 eAtR1∆˜jφ(t) dt
∥∥∥∥2
L2
=
∫ ∞
0
∫ ∞
0
∫
R2
e−κt(−∆)
α
2 eAtR1∆˜jφ(t, x)e−κτ(−∆)
α
2 eAτR1∆˜jφ(τ, x) dxdτdt
=
∫ ∞
0
∫ ∞
0
∫
R2
∆˜jφ(t, x)e−κ(t+τ)(−∆)
α
2 e−A(t−τ)R1∆˜jφ(τ, x) dxdτdt
6
∫ ∞
0
‖∆˜jφ(t)‖Lp′
∫ ∞
0
∥∥∥e−κ(t+τ)(−∆)α2 e−A(t−τ)R1∆˜jφ(τ)∥∥∥
Lp
dτdt
6 C
∫ ∞
0
‖φ(t)‖Lp′
∫ ∞
0
∥∥∥e−κ(t+τ)(−∆)α2 e−A(t−τ)R1∆˜jφ(τ)∥∥∥
Lp
dτdt.
(3.11)
It follows from (3.9) that∥∥∥e−κ(t+τ)(−∆)α2 e−A(t−τ)R1∆˜jφ(τ)∥∥∥
Lp
6
1∑
k=−1
∥∥∥e−κ(t+τ)(−∆)α2 e−A(t−τ)R1∆j+kφ(τ)∥∥∥
Lp
6 C
1∑
k=−1
e−C
−12α(j+k)κ(t+τ)‖e−A(t−τ)R1∆j+kφ(τ)‖Lp
6 C
1∑
k=−1
22(1−
2
p)je−C
−12α(j+k)κ(t+τ)(1 + |A||t− τ |)−
1
2(1−
2
p)‖∆j+kφ(τ)‖Lp′
6 C{κ(t + τ)}−
2
α(1−
2
p)(1 + |A||t− τ |)−
1
2(1−
2
p)‖φ(τ)‖Lp′
6 C(κ|t− τ |)−
2
α(1−
2
p)(1 + |A||t− τ |)−
1
2(1−
2
p)‖φ(τ)‖Lp′ .
(3.12)
Here, we have used the fact that
‖e−t(−∆)
α
2 ∆jg‖Lp 6 Ce
−C−12αjt‖∆jg‖Lp
holds for all t > 0, 1 6 p 6 ∞, g ∈ B˙0p,∞(R
2), j ∈ Z (see Proposition 2.2 in [12]).
Combining (3.11) and (3.12), we have by the Hölder inequality that∥∥∥∥∫ ∞
0
e−κt(−∆)
α
2 eAtR1∆˜jφ(t) dt
∥∥∥∥2
L2
6 C‖φ‖Lr′(0,∞;Lp′)
∥∥∥∥∫ ∞
0
hA(t− τ)‖φ(τ)‖Lp′ dτ
∥∥∥∥
Lrt (0,∞)
,
(3.13)
where
hA(t) := (κ|t|)−
2
α(1−
2
p)(1 + |A||t|)−
1
2(1−
2
p), t ∈ R \ {0}.
In the case of (1/α)(1− 2/p) < 1/r < (1/α+ 1/4)(1− 2/p), since hA ∈ L2r(R) and
‖hA‖L2r(R) = Cκ
− 2
α(1−
2
p)|A|
2
α(1−
2
p)−
2
r ,
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we obtain by the Hausdorff-Young inequality with 1 + 1/r = 2/r + 1/r′ that∥∥∥∥∫ ∞
0
hA(t− τ)‖φ(τ)‖Lp′ dτ
∥∥∥∥
Lrt (0,∞)
6 Cκ−
2
α(1−
2
p)|A|
2
α(1−
2
p)−
2
r ‖φ‖Lr′(0,∞;Lp′).
(3.14)
In the case of 1/r = (1/α)(1− 2/p), it follows from the Hardy-Littlewood-Sobolev
inequality with 1 + 1/r = 2/r + 1/r′ that∥∥∥∥∫ ∞
0
hA(t− τ)‖φ(τ)‖Lp′ dτ
∥∥∥∥
Lrt (0,∞)
6 κ−
2
α(1−
2
p)
∥∥∥∥∥
∫ ∞
0
1
|t− τ |
2
r
‖φ(τ)‖Lp′ dτ
∥∥∥∥∥
Lrt (0,∞)
6 Cκ−
2
α(1−
2
p)‖φ‖Lr′(0,∞;Lp′).
(3.15)
By (3.13)-(3.15), we see that∥∥∥∥∫ ∞
0
e−κt(−∆)
α
2 eAtR1∆˜jφ(t) dt
∥∥∥∥
L2
6 Cκ−
1
α(1−
2
p)|A|
1
α(1−
2
p)−
1
r ‖φ‖Lr′(0,∞;Lp′). (3.16)
Hence, combining (3.10) and (3.16), we have∣∣∣∣∫ ∞
0
∫
R2
TA(t)∆jf(x)φ(t, x) dxdt
∣∣∣∣ 6 Cκ− 1α(1− 2p)|A| 1α(1− 2p)− 1r ‖∆jf‖L2‖φ‖Lr′(0,∞;Lp′),
which yields that
‖TA(·)∆jf‖Lr(0,∞;Lp) 6 Cκ
− 1
α(1−
2
p)|A|
1
α(1−
2
p)−
1
r ‖∆jf‖L2. (3.17)
Multiplying (3.17) by 2sj and taking lq(Z)-norm, we obtain (3.5). 
4. Proof of Theorem 1.1
In this section, we now prove Theorem 1.1.
Proof of Theorem 1.1. Let 0 < α 6 1, κ > 0 and let p, s satisfy (1.4). We also put
r = α/(s− (1 + 2/p− α)). We note that these p, s and r satisfy the assumptions of
indices for all inequalities that appear in this proof. To construct the solution, we
consider the successive approximation {θn}∞n=0 defined by
∂tθ
n+1 + κ(−∆)
α
2 θn+1 + un · ∇θn+1 + AR1θ
n+1 = 0 t > 0, x ∈ R2,
un = R⊥θn = (−R2θ
n,R1θ
n) t > 0, x ∈ R2,
θn+1(0, x) = θ0(x) x ∈ R
2,
θ0(t, x) = TA(t)θ0(x) t > 0, x ∈ R
2,
(4.1)
for all n ∈ N ∪ {0}. Here, TA(t) = e
−κt(−∆)
α
2 e−AtR1 is the linear propagator defined
in Section 3. Let θ˜AN (t, x) = TA(t)SN+3θ0 be the solution to the linear equation (3.1)
with the regularized initial data SN+3θ0 for some N ∈ Z to be determined later. It
follows from the continuous embedding H˙s+2(1/2−1/p)(R2) →֒ B˙sp,2(R
2) that
‖θn+1(t)‖B˙sp,2 6 ‖TA(t)SN+3θ0‖B˙sp,2 + ‖θ
n+1(t)− θ˜AN (t)‖B˙sp,2
6 C‖TA(t)θ0‖B˙sp,2 + C‖θ
n+1(t)− θ˜AN (t)‖H˙s+2(1/2−1/p) ,
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where C does not depend on N . Taking Lr(0,∞)-norm with respect to t, we have
‖θn+1‖Lr(0,∞;B˙sp,2) 6 C‖TA(·)θ0‖Lr(0,∞;B˙sp,2) + C‖θ
n+1(t)− θ˜AN (t)‖Lr(0,∞;H˙s+2(1/2−1/p)).
(4.2)
We derive an estimate for the second term of the right hand side of (4.2) by the
energy method. We first see that θn+1 − θ˜AN satisfies
∂t(θ
n+1 − θ˜AN ) + κ(−∆)
α
2 (θn+1 − θ˜AN) + AR1(θ
n+1 − θ˜AN )
+ un · ∇(θn+1 − θ˜AN) + u
n · ∇θ˜AN = 0,
(θn+1 − θ˜AN )(0, x) = (1− SN+3)θ0(x).
(4.3)
Applying ∆j to (4.3), we obtain
∂t∆j(θ
n+1 − θ˜AN ) + κ(−∆)
α
2 ∆j(θ
n+1 − θ˜AN ) + AR1∆j(θ
n+1 − θ˜AN )
= −∆j(u
n · ∇θ˜AN ) + [u
n,∆j] · ∇(θ
n+1 − θ˜AN )− u
n · ∇∆j(θ
n+1 − θ˜AN ).
(4.4)
We take L2(R2)-inner product of (4.4) with∆j(θ
n+1−θ˜AN ). Then, since the divergence-
free condition ∇ · un = 0 yields that〈
un · ∇∆j(θ
n+1 − θ˜AN ),∆j(θ
n+1 − θ˜AN )
〉
L2
= 0,
we have
1
2
d
dt
‖∆j(θ
n+1 − θ˜AN )‖
2
L2 + κ
〈
(−∆)
α
2 ∆j(θ
n+1 − θ˜AN ),∆j(θ
n+1 − θ˜AN )
〉
L2
= −
〈
∆j(u
n · ∇θ˜AN ),∆j(θ
n+1 − θ˜AN )
〉
L2
+
〈
[un,∆j ] · ∇(θ
n+1 − θ˜AN )),∆j(θ
n+1 − θ˜AN )
〉
L2
6 ‖∆j(u
n · ∇θ˜AN)‖L2‖∆j(θ
n+1 − θ˜AN )‖L2
+ ‖[un,∆j ] · ∇(θ
n+1 − θ˜AN )‖L2‖∆j(θ
n+1 − θ˜AN)‖L2 .
Here, we have used the fact that 〈R1f, f〉L2 = 0 holds for all f ∈ L
2(R2). Since
there holds
κ
〈
(−∆)
α
2 ∆j(θ
n+1 − θ˜AN),∆j(θ
n+1 − θ˜AN )
〉
L2
= κ‖(−∆)
α
4 ∆j(θ
n+1 − θ˜AN )‖
2
L2
> λκ2αj‖∆j(θ
n+1 − θ˜AN )‖
2
L2
for some λ = λ(α) > 0, we see that
d
dt
‖∆j(θ
n+1 − θ˜AN )‖L2 + λκ2
αj‖∆j(θ
n+1 − θ˜AN)‖L2
6 ‖∆j(u
n · ∇θ˜AN )‖L2 + ‖[u
n,∆j ] · ∇(θ
n+1 − θ˜AN)‖L2 .
(4.5)
By (4.5), we obtain
‖∆j(θ
n+1(t)− θ˜AN (t))‖L2 6 e
−λκ2αjt‖∆j(1− SN+3)θ0‖L2
+
∫ t
0
e−λκ2
αj(t−τ)‖∆j(u
n(τ) · ∇θ˜AN (τ))‖L2 dτ
+
∫ t
0
e−λκ2
αj(t−τ)‖[un(τ),∆j ] · ∇(θ
n+1(τ)− θ˜AN(τ))‖L2 dτ.
(4.6)
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Multiplying (4.6) by 2(s+2(
1
2
− 1
p))j and taking l2(Z)-norm, we obtain that by the
Minkowski inequality and ∆j(1− SN+3)θ0 = 0 for j 6 N − 1
‖θn+1(t)− θ˜AN (t)‖H˙s+2(1/2−1/p)
6
{∑
j>N
(
2(s+2(
1
2
− 1
p))je−λκ2
αjt‖∆j(1− SN+3)θ0‖L2
)2} 12
+
∫ t
0
{∑
j∈Z
(
2(s+2(
1
2
− 1
p))je−λκ2
αj(t−τ)‖∆j(u
n(τ) · ∇θ˜AN (τ))‖L2
)2} 12
dτ
+
∫ t
0
{∑
j∈Z
(
2(s+2(
1
2
− 1
p))je−λκ2
αj(t−τ)‖[un(τ),∆j ] · ∇(θ
n+1(τ)− θ˜AN (τ))‖L2
)2} 12
dτ.
By 2(s+2(
1
2
− 1
p))je−λκ2
αj(t−τ) 6 Cκ−
1
α(1+
2
p
−s)(t− τ)−
1
α(1+
2
p
−s)2(2s−
4
p)j , it holds
‖θn+1(t)− θ˜AN (t)‖H˙s+2(1/2−1/p)
6
{∑
j>N
(
2(s+2(
1
2
− 1
p))je−λκ2
αjt‖∆j(1− SN+3)θ0‖L2
)2} 12
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖un(τ) · ∇θ˜AN (τ)‖H˙2s−4/p dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)
×
{∑
j∈Z
(
2(2s−
4
p)j‖[un(τ),∆j] · ∇(θ
n+1(τ)− θ˜AN (τ))‖L2
)2} 12
dτ.
(4.7)
It follows from Lemma 2.3 and the boundedness of the Riesz transforms on homo-
geneous Besov spaces that
‖un(τ) · ∇θ˜AN (τ)‖H˙2s−4/p
6 C(‖un(τ)‖B˙s−1p,2 ‖θ˜
A
N (τ)‖B˙s+1p,2 + ‖u
n(τ)‖B˙sp,2‖θ˜
A
N (τ)‖B˙sp,2)
6 C(‖θn(τ)‖B˙s−1p,2 ‖θ˜
A
N(τ)‖B˙s+1p,2 + ‖θ
n(τ)‖B˙sp,2‖θ˜
A
N (τ)‖B˙sp,2).
The B˙s+1p,2 (R
2)-norm and the B˙sp,2(R
2)-norm of θ˜AN (τ) are estimated as follows:
‖θ˜AN (τ)‖B˙s+1p,2 6 C2
N
{ ∑
j6N+1
(
2sj‖∆jSN+3TA(τ)θ0‖Lp
)2} 12
6 C2N‖TA(τ)θ0‖B˙sp,2
and
‖θ˜AN(τ)‖B˙sp,2 6 C
{ ∑
j6N+1
(
2sj‖∆jSN+3TA(τ)θ0‖Lp
)2} 12
6 C‖TA(τ)θ0‖B˙sp,2 .
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By Lemma 2.4 with s1 = s and s2 = s− 1, it also holds
{∑
j∈Z
(
2(2s−
4
p)j‖[un(τ),∆j ] · ∇(θ
n+1(τ)− θ˜AN (τ))‖L2
)2} 12
6 C‖θn(τ)‖B˙sp,2‖∇(θ
n+1(τ)− θ˜AN(τ))‖B˙s−1p,2
6 C‖θn(τ)‖B˙sp,2‖θ
n+1(τ)− θ˜AN (τ)‖B˙sp,2
6 C(‖θn(τ)‖B˙sp,2‖θ
n+1(τ)‖B˙sp,2 + ‖θ
n(τ)‖B˙sp,2‖TA(τ)θ0‖B˙sp,2).
Hence, we obtain that
‖θn+1(t)− θ˜AN(t)‖H˙s+2(1/2−1/p)
6 C
{∑
j>N
(
2(s+2(
1
2
− 1
p))je−λκ2
αjt‖∆j(1− SN+3)θ0‖L2
)2} 12
+ Cκ−
1
α(1+
2
p
−s)2N
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)‖B˙s−1p,2 ‖TA(τ)θ0‖B˙sp,2 dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)‖B˙sp,2‖TA(τ)θ0‖B˙sp,2 dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)‖B˙sp,2‖θ
n+1(τ)‖B˙sp,2 dτ.
(4.8)
Next, we take Lrt (0,∞)-norm of (4.8) with respect to t. Then, since r satisfies
1 +
1
r
=
1
α
(
1 +
2
p
− s
)
+
2
r
, 2 < r <∞,
the Hardy-Littlewood-Sobolev inequality yields that
‖θn+1 − θ˜AN‖Lr(0,∞;H˙s+2(1/2−1/p))
6 C
∥∥∥∥∥∥
{∑
j>N
(
2(s+2(
1
2
− 1
p))je−λκ2
αjt‖∆j(1− SN+3)θ0‖L2
)2} 12∥∥∥∥∥∥
Lrt (0,∞)
+ Cκ−
1
α(1+
2
p
−s)2N‖θn‖Lr(0,∞;B˙s−1p,2 )‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖θ
n+1‖Lr(0,∞;B˙sp,2).
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By the Minkowski inequality, there holds∥∥∥∥∥∥
{∑
j>N
(
2(s+2(
1
2
− 1
p))je−λκ2
αjt‖∆j(1− SN+3)θ0‖L2
)2} 12∥∥∥∥∥∥
Lrt (0,∞)
6
{∑
j>N
(
2(s+2(
1
2
− 1
p))j
∥∥∥e−λκ2αjt∥∥∥
Lrt (0,∞)
‖∆j(1− SN+3)θ0‖L2
)2} 12
6 Cκ−
1
r
{∑
j>N
(
2(2−α−s)j2sj‖∆j(1− SN+3)θ0‖L2
)2} 12
6 Cκ−
1
r 2(2−α−s)N‖(1− SN+3)θ0‖H˙s.
Thus, we have
‖θn+1 − θ˜AN‖Lr(0,∞;H˙s+2(1/2−1/p))
6 Cκ−
1
r 2(2−α−s)N‖(1− SN+3)θ0‖H˙s
+ Cκ−
1
α(1+
2
p
−s)2N‖θn‖Lr(0,∞;B˙s−1p,2 )‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖θ
n+1‖Lr(0,∞;B˙sp,2).
(4.9)
Combining (4.2) and (4.9), we obtain that
‖θn+1‖Lr(0,∞;B˙sp,2) 6 C‖TA(·)θ0‖Lr(0,∞;B˙sp,2) + Cκ
− 1
r 2(2−α−s)N‖(1− SN+3)θ0‖H˙s
+ Cκ−
1
α(1+
2
p
−s)2N‖θn‖Lr(0,∞;B˙s−1p,2 )‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖θ
n+1‖Lr(0,∞;B˙sp,2).
(4.10)
Next, we consider the estimates of θn+1 in Lr(0,∞; B˙s−1p,2 (R
2)). The similar compu-
tation as the derivation of (4.7) yields that
‖θn+1(t)‖B˙s−1p,2
6 ‖TA(t)θ0‖B˙s−1p,2 + C‖θ
n+1(t)− TA(t)θ0‖H˙s−1+2(1/2−1/p)
6 ‖TA(t)θ0‖B˙s−1p,2
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖un(τ) · ∇TA(τ)θ0‖H˙2s−1−4/p dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)
×
{∑
j∈Z
(
2(2s−1−
4
p)j‖[un(τ),∆j ] · ∇(θ
n+1(τ)− TA(τ)θ0)‖L2
)2} 12
dτ.
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Here, we have used θn+1(0, x) − TA(0)θ0(x) = 0. Using Lemma 2.2 with s1 = s2 =
s− 1 and q = 2, we see that
‖un(τ) · ∇TA(τ)θ0‖H˙2s−1−4/p 6 C‖u
n(τ)‖B˙s−1p,2 ‖∇TA(τ)θ0‖B˙
s−1
p,2
6 C‖θn(τ)‖B˙s−1p,2 ‖TA(τ)θ0‖B˙sp,2 .
Lemma 2.4 with s1 = s and s2 = s− 2 yields that{∑
j∈Z
(
2(2s−1−
4
p)j‖[un(τ),∆j] · ∇(θ
n+1(τ)− TA(τ)θ0)‖L2
)2} 12
6 C‖un(τ)‖B˙sp,2‖∇(θ
n+1(τ)− TA(τ)θ0)‖B˙s−2p,2
6 C‖un(τ)‖B˙sp,2‖θ
n+1(τ)− TA(τ)θ0‖B˙s−1p,2
6 C(‖θn(τ)‖B˙sp,2‖θ
n+1(τ)‖B˙s−1p,2 + ‖θ
n(τ)‖B˙sp,2‖TA(τ)θ0‖B˙
s−1
p,2
).
Thus, it holds that
‖θn+1(t)‖B˙s−1p,2 6 ‖TA(t)θ0‖B˙
s−1
p,2
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)‖B˙s−1p,2 ‖TA(τ)θ0‖B˙sp,2 dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)‖B˙sp,2‖TA(τ)θ0‖B˙
s−1
p,2
dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)‖B˙sp,2‖θ
n+1(τ)‖B˙s−1p,2 dτ.
(4.11)
Taking Lr(0,∞)-norm of (4.11) and using the Hardy-Littlewood-Sobolev inequality,
we have
‖θn+1(t)‖Lr(0,∞;B˙s−1p,2 ) 6 ‖TA(·)θ0‖Lr(0,∞;B˙
s−1
p,2 )
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙s−1p,2 )‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖TA(·)θ0‖Lr(0,∞;B˙
s−1
p,2 )
+ Cκ−
1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)‖θ
n+1‖Lr(0,∞;B˙s−1p,2 ).
(4.12)
Combining (4.10) and (4.12), we obtain that
‖θn+1‖X 6 C‖TA(·)θ0‖X + Cκ
− 1
r 2(2−α−s)N‖(1− SN+3)θ0‖H˙s
+ Cκ−
1
α(1+
2
p
−s)2N‖θn‖X‖TA(·)θ0‖Lr(0,∞;B˙sp,2)
+ Cκ−
1
α(1+
2
p
−s)‖θn‖X‖TA(·)θ0‖X
+ Cκ−
1
α(1+
2
p
−s)‖θn‖X‖θ
n+1‖X ,
(4.13)
where ‖F‖X := ‖F‖Lr(0,∞;B˙sp,2) + ‖F‖Lr(0,∞;B˙
s−1
p,2 )
. It follows from Proposition 3.1
that
‖TA(·)θ0‖Lr(0,∞:B˙s−kp,2 )
6 ‖TA(·)θ0‖L˜r(0,∞:B˙s−kp,2 )
6 Cκ−
1
α(1−
2
p)|A|
2−α−s
α ‖θ0‖H˙s−k , k = 0, 1.
(4.14)
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By (4.14) and ‖(1− SN+3)θ0‖H˙s 6 C‖θ0‖H˙s, we obtain
‖θn+1‖X 6 Cκ
− 1
α(1−
2
p)|A|
2−α−s
α (‖θ0‖H˙s + ‖θ0‖H˙s−1)
+ Cκ−
1
α(1−
2
p)κ
2−α−s
α 2(2−α−s)N‖θ0‖H˙s
+ Cκ−
1
α(1−
2
p)2N |A|
2−α−s
α ‖θ0‖H˙sκ
− 1
α(1+
2
p
−s)‖θn‖X
+ Cκ−
1
α(1−
2
p)|A|
2−α−s
α (‖θ0‖H˙s + ‖θ0‖H˙s−1)κ
− 1
α(1+
2
p
−s)‖θn‖X
+ Cκ−
1
α(1+
2
p
−s)‖θn‖X‖θ
n+1‖X .
Now, let N ∈ Z satisfy 2N 6 (κ−1|A|)
1
α
s+α−2
s+α−1 < 2N+1. Then, we see that
‖θn+1‖X 6 C1κ
− 1
α(1−
2
p)
[
max
{
|A|, κ
1
s+α−1 |A|
s+α−2
s+α−1
} 2−α−s
α
‖θ0‖H˙s
+|A|
2−α−s
α ‖θ0‖H˙s−1
]
(1 + κ−
1
α(1+
2
p
−s)‖θn‖X)
+ C1κ
− 1
α(1+
2
p
−s)‖θn‖X‖θ
n+1‖X
(4.15)
holds for some C1 = C1(α, p, s) > 0. If θ0 ∈ H
s(R2) and A ∈ R \ {0} satisfy
κ−
1
α(1−
2
p)
[
max
{
|A|, κ
1
s+α−1 |A|
s+α−2
s+α−1
} 2−α−s
α
‖θ0‖H˙s
+|A|
2−α−s
α ‖θ0‖H˙s−1
]
6
1
6C1
κ
1
α
(1+ 2
p
−s),
(4.16)
then it follows from (4.15), (4.16) and the inductive argument that
‖θn‖X 6 3C1κ
− 1
α(1−
2
p)
[
max
{
|A|, κ
1
s+α−1 |A|
s+α−2
s+α−1
} 2−α−s
α
‖θ0‖H˙s
+|A|
2−α−s
α ‖θ0‖H˙s−1
] (4.17)
for all n ∈ N ∪ {0}. Next, we derive the uniform boundedness of {θn}∞n=0 in
L∞(0,∞;L2(R2))∩ L˜∞(0,∞; H˙s(R2)) under the assumption (4.16). Applying ∆j to
the first equation of (1.1), we see that
∂t∆jθ
n+1+κ(−∆)
α
2 ∆jθ
n+1+AR1∆jθ
n+1 = [un,∆j ] ·∇θ
n+1−un ·∇∆jθ
n+1. (4.18)
Taking L2(R2)-inner product of (4.18) with ∆jθ
n+1, we have
1
2
d
dt
‖∆jθ
n+1‖2L2 + λκ2
αj‖∆jθ
n+1‖2L2 6 ‖[u
n,∆j ] · ∇θ
n+1‖L2‖∆jθ
n+1‖L2
6 Cκ−12−αj‖[un,∆j ] · ∇θ
n+1‖2L2
+ λκ2αj‖∆jθ
n+1‖2L2 ,
(4.19)
which yields that
sup
06τ6t
‖∆jθ
n+1(τ)‖2L2 6 ‖∆jθ0‖
2
L2 + Cκ
−12−αj
∫ t
0
‖[un,∆j] · ∇θ
n+1‖2L2 dτ.
20 MIKIHIRO FUJII
Multiplying this by 22sj and summing over j ∈ Z, we see that
‖θn+1‖2
L˜∞(0,t;H˙s)
6 ‖θ0‖
2
H˙s
+ Cκ−1
∫ t
0
∑
j∈Z
(
2(σ+s−2(
1
2
− 1
p)−1−2(
2
p
− 1
2))j
×‖[un(τ),∆j ] · ∇θ
n+1(τ)‖L2
)2
dτ
6 ‖θ0‖
2
H˙s
+ Cκ−1
∫ t
0
‖θn(τ)‖2
B˙σp,2
‖∇θn+1(τ)‖2
B˙
s−1−2(1/2−1/p)
p,2
dτ
6 ‖θ0‖
2
H˙s
+ Cκ−1
∫ t
0
‖θn(τ)‖2
B˙σp,2
‖θn+1(τ)‖2
H˙s
dτ
6 ‖θ0‖
2
H˙s
+ Cκ−1
∫ t
0
‖θn(τ)‖2
B˙σp,2
‖θn+1‖2
L˜∞(0,τ ;H˙s)
dτ,
(4.20)
where σ := 1 + 2/p − α/2 and we have used Lemma 2.4 with s1 = σ and s2 =
s− 1− 2(1/2− 1/p). The Gronwall inequality yields that
‖θn+1‖L˜∞(0,∞;H˙s) 6 ‖θ0‖H˙sexp
[
Cκ−1‖θn‖2
L2(0,∞;B˙σp,2)
]
. (4.21)
On the other hand, it follows from the first line of (4.19) that
d
dt
‖∆jθ
n+1‖L2 + λκ2
αj‖∆jθ
n+1‖L2 6 ‖[u
n,∆j] · ∇θ
n+1‖L2, (4.22)
which yields
‖∆jθ
n+1(t)‖L2 6 e
−λ2αjκt‖∆jθ0‖L2 +
∫ t
0
e−λ2
αjκ(t−τ)‖[un(τ),∆j ] · ∇θ
n+1(τ)‖L2 dτ.
(4.23)
Multiplying (4.23) by 2(σ+2(
1
2
− 1
p))j and taking l2(Z)-norm , we have by Lemma 2.4
with s1 = s, s2 = s− 1 that
‖θn+1(t)‖H˙σ+2(1/2−1/p)
6 C
{∑
j∈Z
(
2(2−
α
2 )je−λκt2
αj
‖∆jθ0‖L2
)2} 12
+ Cκ−β
∫ t
0
(t− τ)−β
{∑
j∈Z
(
2(2s−1−2(
2
p
− 1
2))j‖[un(τ),∆j ] · ∇θ
n+1(τ)‖L2
)2} 12
dτ
6 C
{∑
j∈Z
(
2(2−
α
2
)je−λκt2
αj
‖∆jθ0‖L2
)2} 12
+ Cκ−β
∫ t
0
(t− τ)−β‖θn(τ)‖B˙sp,2‖θ
n+1(τ)‖B˙sp,2dτ,
where we have used 2(σ+2(
1
2
− 1
p
))je−λκt2
αj
6 Cκ−β(t− τ)−β2(2s−1−2(
2
p
− 1
2))j with
β :=
1
α
{
2
(
1 +
2
p
− s
)
−
α
2
}
. (4.24)
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Taking L2t (0,∞)-norm and using the Hardy-Littlewood-Sobolev inequality with
1 +
1
2
= β +
2
r
, 0 < β < 1,
we obtain
‖θn+1‖L2(0,∞;H˙σ+2(1/2−1/p)) 6 Cκ
− 1
2‖θ0‖H˙2−α + Cκ
−β‖θn‖Lr(0,∞;B˙sp,2)‖θ
n+1‖Lr(0,∞;B˙sp,2).
Using this estimate and the continuous embedding H˙σ+2(1/2−1/p)(R2) →֒ B˙σp,2(R
2),
we see that
‖θn+1‖L2(0,∞;B˙σp,2) 6 Cκ
− 1
2‖θ0‖H˙2−α + Cκ
−β‖θn‖Lr(0,∞;B˙sp,2)‖θ
n+1‖Lr(0,∞;B˙sp,2). (4.25)
Combining (4.21) and (4.25), we see that
‖θn+1‖L˜∞(0,∞;H˙s)
6 ‖θ0‖H˙sexp
[
Cκ−1
(
κ−
1
2‖θ0‖H˙2−α + κ
−β‖θn‖Lr(0,∞;B˙sp,2)‖θ
n+1‖Lr(0,∞;B˙sp,2)
)2]
6 ‖θ0‖H˙sexp
Cκ−1(κ− 12‖θ0‖H˙2−α + κ−β sup
n∈N∪{0}
‖θn‖2X
)2
holds for all n ∈ N ∪ {0}. Hence, if the assumption (4.16) is satisfied, then
sup
n∈N∪{0}
‖θn+1‖L˜∞(0,∞;H˙s) <∞. (4.26)
Taking L2(R2)-inner product of the first equation in (4.1) with θn+1, we have
1
2
d
dt
‖θn+1‖2L2 6
1
2
d
dt
‖θn+1‖2L2 + κ‖(−∆)
α
4 θn+1‖2L2 = −
〈
un · ∇θn+1, θn+1
〉
L2
= 0,
which yields that
‖θn+1‖L∞(0,∞;L2) 6 ‖θ0‖L2 . (4.27)
for all n ∈ N ∪ {0}. Hence, we have the uniform boundedness of {θn}∞n=0 in
L∞(0,∞;L2(R2)) ∩ L˜∞(0,∞; H˙s(R2)) under the assumption (4.16).
Next, we show that {θn}∞n=0 converges in L
r(0,∞; B˙s−1p,2 (R
2)). The difference
θn+1 − θn satisfies
∂t(θ
n+1 − θn) + κ(−∆)
α
2 (θn+1 − θn) + AR1(θ
n+1 − θn)
+ un · ∇(θn+1 − θn) + (un − un−1) · ∇θn = 0
(θn+1 − θn)(0, x) = 0
(4.28)
for all n ∈ N∪ {0,−1}. Here, we have put θ−1 = 0. Applying ∆j to (4.28), we have
∂t∆j(θ
n+1 − θn) + κ(−∆)
α
2 ∆j(θ
n+1 − θn) + AR1∆j(θ
n+1 − θn)
= [un,∆j] · ∇(θ
n+1 − θn)− un · ∇∆j(θ
n+1 − θn)−∆j((u
n − un−1) · ∇θn).
(4.29)
Taking L2(R2)-inner product of (4.29) with ∆j(θ
n+1 − θn), we have
d
dt
‖∆j(θ
n+1 − θn)‖L2 + κλ2
αj‖∆j(θ
n+1 − θn)‖L2
6 ‖[un,∆j ] · ∇(θ
n+1 − θn)‖L2 + ‖∆j((u
n − un−1) · ∇θn)‖L2 .
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Then, by the similar argument as above, we obtain
‖θn+1(t)− θn(t)‖B˙s−1p,2
6 C‖θn+1(t)− θn(t)‖H˙s−1+2(1/2−1/p)
6 C
∫ t
0
{(
2(s−1+2(
1
2
− 1
p))je−λ2
αjκ(t−τ)‖[un(τ),∆j ] · ∇(θ
n+1(τ)− θn(τ))‖L2
)2} 12
dτ
+ C
∫ t
0
{(
2(s−1+2(
1
2
− 1
p))je−λ2
αjκ(t−τ)‖∆j((u
n(τ)− un−1(τ)) · ∇θn(τ))‖L2
)2} 12
dτ
6 Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)
×
{∑
j∈Z
(
2(2s−2−2(
2
p
− 1
2))j‖[un(τ),∆j ] · ∇(θ
n+1(τ)− θn(τ))‖L2
)2} 12
dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖(un(τ)− un−1(τ)) · ∇θn(τ)‖H˙2s−2−2(2/p−1/2)dτ.
It follows from Lemma 2.4 with s1 = s, s2 = s−2 and Lemma 2.2 with s1 = s2 = s−1
that
‖θn+1(t)− θn(t)‖B˙s−1p,2
6 Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)‖B˙sp,2‖θ
n+1(τ)− θn(τ)‖B˙s−1p,2 dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θn(τ)− θn−1(τ)‖B˙s−1p,2 ‖θ
n(τ)‖B˙sp,2 dτ.
Thus, the Hardy-Littlewood-Sobolev inequality yields that
‖θn+1 − θn‖Lr(0,∞;B˙s−1p,2 )
6 C2κ
− 1
α(1+
2
p
−s)‖θn‖Lr(0,∞;B˙sp,2)
(
‖θn+1 − θn‖Lr(0,∞;B˙s−1p,2 ) + ‖θ
n − θn−1‖Lr(0,∞;B˙s−1p,2 )
)
(4.30)
holds for some C2 = C2(α, p, s) > 0. Now, let us define C0 = C0(α, p, s) > 0 by
C0 := min
{
1
12C1
,
1
18C1C2
}
. (4.31)
Also, let us choose θ0 ∈ H
s(R2) and A ∈ R \ {0} so that they satisfy the size
condition (1.5). Then, the condition (4.16) follows. This implies that (4.17), (4.26)
and (4.27) also hold. Hence, using (4.17), (4.30) and (4.31), we have
‖θn+1 − θn‖Lr(0,∞;B˙s−1p,2 ) 6
1
2
‖θn − θn−1‖Lr(0,∞;B˙s−1p,2 ).
Therefore, we see that
‖θn+1 − θn‖Lr(0,∞;B˙s−1p,2 ) 6 2
−(n+1)‖θ0‖Lr(0,∞;B˙s−1p,2 )
6 C2−(n+1)κ−
1
α(1−
2
p)|A|
2−α−s
α ‖θ0‖H˙s−1 ,
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which yields that {θn}∞n=0 is a Cauchy sequence in L
r(0,∞; B˙s−1p,2 (R
2)) and there
exists a limit of {θn}∞n=0 in L
r(0,∞; B˙s−1p,2 (R
2)):
θ := lim
n→∞
θn in Lr(0,∞; B˙s−1p,2 (R
2)). (4.32)
It is easy to check that θ satisfy (1.1) and the uniform estimates (4.17), (4.26) and
(4.27) imply that
θ ∈ L∞(0,∞;L2(R2)) ∩ L˜∞(0,∞; H˙s(R2)) ∩ Lr(0,∞; B˙sp,2(R
2))
⊂ L∞(0,∞;Hs(R2)) ∩ Lr(0,∞; B˙sp,2(R
2)).
Next, we show that θ belongs to C([0,∞);Hs(R2)). Since ∂t∆jθ = −κ(−∆)
α
2 ∆jθ−
AR1∆jθ−∆j(u·∇θ) holds, we have by the continuous embeddingH
s(R2) →֒ L∞(R2)
that
‖∂t∆jθ(t)‖H˙s 6 Cκ2
αj‖∆jθ(t)‖H˙s + |A|‖∆jθ(t)‖H˙s + C2
sj‖∆j(u(t) · ∇θ(t))‖L2
6 Cκ2αj‖θ(t)‖Hs + C|A|‖θ(t)‖Hs + C2
sj‖u(t)‖L∞‖∇θ(t)‖L2
6 Cκ2αj‖θ(t)‖Hs + C|A|‖θ(t)‖Hs + C2
sj‖u(t)‖Hs‖θ(t)‖Hs
6 Cκ2αj‖θ‖L∞(0,∞;Hs) + C|A|‖θ‖L∞(0,∞;Hs) + C2
sj‖θ‖2L∞(0,∞;Hs).
(4.33)
As it follows from (4.33) that ∂t∆jθ ∈ L
1
loc([0,∞); H˙
s(R2)) for each j ∈ Z, we find
that
Θm :=
∑
|j|6m
∆jθ ∈ C([0,∞); H˙
s(R2))
for all m ∈ N. We have by ‖θ‖2
L˜∞(0,∞;H˙s)
<∞ that
‖Θm − θ‖
2
L∞(0,∞;H˙s)
6
∑
|j|>m+1
22sj‖∆jθ‖
2
L∞(0,∞;L2) → 0 as m→∞.
Therefore, we see that θ ∈ C([0,∞); H˙s(R2)). On the other hand, by ∂tθ =
−κ(−∆)
α
2 θ −AR1θ − u · ∇θ, we have
‖∂tθ(t)‖L2 6 Cκ‖θ(t)‖H˙α + |A|‖θ(t)‖L2 + ‖u(t) · ∇θ(t)‖L2
6 Cκ‖θ(t)‖Hs + C|A|‖θ(t)‖Hs + ‖u(t)‖L∞‖∇θ(t)‖L2
6 Cκ‖θ‖L∞(0,∞;Hs) + C|A|‖θ‖L∞(0,∞;Hs) + C‖θ‖
2
L∞(0,∞;Hs),
which yields ∂tθ ∈ L
1
loc([0,∞);L
2(R2)). Thus, θ ∈ C([0,∞);L2(R2)). Hence, we
obtain θ ∈ C([0,∞);Hs(R2)).
Finally, we prove the uniqueness of solutions to (1.1) in the class (1.6). Let θ˜ be
another solution to (1.1) with the initial data θ0. Then θ − θ˜ satisfies
∂t(θ − θ˜) + κ(−∆)
α
2 (θ − θ˜) + AR1(θ − θ˜)
+ u · ∇(θ − θ˜) + (u− u˜) · θ˜ = 0,
θ(0, x)− θ˜(0, x) = 0,
(4.34)
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where u˜ := R⊥θ˜. Then, the similar energy calculation as above yields that
‖θ(t)− θ˜(t)‖H˙s−1
6
∫ t
0
{∑
j∈Z
(
2(s−1)je−λ2
αjκ(t−τ)‖∆j((u(τ)− u˜(τ)) · ∇θ(τ))‖L2
)2} 12
dτ
+
∫ t
0
{∑
j∈Z
(
2(s−1)je−λ2
αjκ(t−τ)‖[u˜(τ),∆j ] · ∇(θ(τ)− θ˜(τ))‖L2
)2} 12
dτ
6 Cκ−
1
α(1+
2
p
−s)
[∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖(u(τ)− u˜(τ)) · ∇θ(τ)‖H˙2s−2−2/pdτ
+
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)
{∑
j∈Z
(
2(2s−2−
2
p)j‖[u˜(τ),∆j ] · ∇(θ(τ)− θ˜(τ))‖L2
)2} 12
dτ

It follows from Lemma 2.2 with s1 = s− 1 − 2(1/2 − 1/p), s2 = s− 1, Lemma 2.4
with s1 = s, s2 = s− 2− 2(1/2− 1/p) and the continuous embedding H˙
s−1(R2) →֒
B˙
s−1−2(1/2−1/p)
p,2 (R
2) that
‖θ(t)− θ˜(t)‖H˙s−1
6 Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖(θ(τ)− θ˜(τ)‖H˙s−1‖θ(τ)‖B˙sp,2 dτ
+ Cκ−
1
α(1+
2
p
−s)
∫ t
0
(t− τ)−
1
α(1+
2
p
−s)‖θ˜(τ)‖B˙sp,2‖θ(τ)− θ˜(τ)‖H˙s−1 dτ
(4.35)
Let T > 0. Taking Lrt (0, T )-norm of (4.35) and using the Hardy-Littlewood-Sobolev
inequality, we have
‖θ−θ˜‖Lr(0,T ;H˙s−1) 6 C3κ
− 1
α(1+
2
p
−s)
(
‖θ‖Lr(0,T ;B˙sp,2) + ‖θ˜‖Lr(0,T ;B˙sp,2)
)
‖θ−θ˜‖Lr(0,T ;H˙s−1).
(4.36)
for some C3 = C3(α, p, s) > 0. Since ‖θ‖Lr(0,T ;B˙sp,2) + ‖θ˜‖Lr(0,T ;B˙sp,2) ց 0 as T ց 0,
we see that
T1 := sup
{
0 < T < 1 ; C3κ
− 1
α(1+
2
p
−s)
(
‖θ‖Lr(0,T ;B˙sp,2) + ‖θ˜‖Lr(0,T ;B˙sp,2)
)
6
1
2
}
is a positive time. Then, it follows from (4.36) that
‖θ − θ˜‖Lr(0,T1;H˙s−1) 6
1
2
‖θ − θ˜‖Lr(0,T1;H˙s−1),
which yields θ = θ˜ on the time interval [0, T1]. If T1 < ∞, then applying the same
argument to (1.1) with t > T1 and the initial data θ(T1, x) = θ˜(T1, x), we see that
θ = θ˜ on the time interval [T1, T2], where
T2 := sup
{
T1 < T < 2 ; C3κ
− 1
α(1+
2
p
−s)
(
‖θ‖Lr(0,T ;B˙sp,2) + ‖θ˜‖Lr(0,T ;B˙sp,2)
)
6
1
2
}
.
We continue this routine and define the sequence {Tk}
∞
k=1 inductively as
Tk := sup
{
Tk−1 < T < k ; C3κ
− 1
α(1+
2
p
−s)
(
‖θ‖Lr(0,T ;B˙sp,2) + ‖θ˜‖Lr(0,T ;B˙sp,2)
)
6
1
2
}
.
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Then, we see that Tk <∞ for all k ∈ N and Tk →∞ as k →∞ by the definition of
{Tk}
∞
k=1. Hence, we obtain θ = θ˜ on [0,∞). This completes the proof of Theorem
1.1. 
5. Proof of Theorem 1.3
In this section, we show Theorem 1.3. First, we provide a lemma for the proof.
Lemma 5.1. Let K be a precompact set in H˙2−α(R2) ∩ H˙1−α(R2) and let 2 < p <
4/(2− α). Then, the following two limit formulas hold:
lim
N→∞
sup
f∈K
‖(1− SN+3)f‖H˙2−α = 0, (5.1)
lim
|A|→∞
sup
f∈K
‖TA(·)f‖Lρ(0,∞;B˙k−αp,2 )
= 0, (5.2)
where k = 1, 2 and ρ = α/(1− 2/p).
Proof. This proof is based on the argument in [13]. Let δ > 0 be arbitrary and let
B(f, δ) :=
{
g ∈ H˙2−α(R2) ∩ H˙1−α(R2) ; ‖g − f‖H˙1−α + ‖g − f‖H˙2−α < δ
}
.
Since {B(f, δ)}f∈K is an open covering of K in H˙
2−α(R2) ∩ H˙1−α(R2) , it follows
from the compactness of K that there exist finitely many f1, ...fM ∈ K such that
K ⊂
M⋃
m=1
B(fm, δ).
Then, we see that
sup
f∈K
‖(1− SN+3)f‖H˙2−α
6 max
m=1,...,M
sup
f∈B(fm,δ)
(C‖f − fm‖H˙2−α + ‖(1− SN+3)fm‖H˙2−α)
6 Cδ + max
m=1,...,M
‖(1− SN+3)fm‖H˙2−α
6 Cδ + C max
m=1,...,M
{∑
j>N
(
2(2−α)j‖∆jfm‖
2
L2
)2} 12
,
which implies that
lim sup
N→∞
sup
f∈K
‖(1− SN+3)f‖H˙2−α 6 Cδ.
This completes the proof of (5.1). Next, we prove (5.2). For each m = 1, ...,M , we
put
fm,l :=
∑
|j|6l
∆jfm, l ∈ N.
Let q satisfy
1
p
<
1
q
<
1
p
·
8 + p
8 + 2α
, 2 < q <∞.
Then, since
1
α
(
1−
2
q
)
<
1
ρ
<
(
1
α
+
1
4
)(
1−
2
q
)
, 2 < ρ <∞
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holds, it follows from the continuous embedding B˙
k−α+2(1/q−1/p)
q,2 (R
2) →֒ B˙k−αp,2 (R
2)
and Proposition 3.1 that
‖TA(·)fm‖Lρ(0,∞;B˙k−αp,2 )
6 ‖TA(·)(fm − fm,l)‖Lρ(0,∞;B˙k−αp,2 )
+ ‖TA(·)fm,l‖Lρ(0,∞;B˙k−αp,2 )
6 C‖fm − fm,l‖H˙k−α + C‖TA(·)fm,l‖Lρ(0,∞;B˙k−α+2(1/q−1/p)q,2 )
6 C‖fm − fm,l‖H˙k−α + C|A|
− 2
α(
1
q
− 1
p)‖fm,l‖H˙k−α+2(1/q−1/p)
6 C‖fm − fm,l‖H˙k−α + C2
2( 1q−
1
p)l|A|−
2
α(
1
q
− 1
p)‖fm‖H˙k−α.
Therefore, we obtain
sup
f∈K
‖TA(·)f‖Lρ(0,∞;B˙k−αp,2 )
6 max
m=1,...,M
sup
f∈B(fm,δ)
‖TA(·)(f − fm)‖Lρ(0,∞;B˙k−αp,2 )
+ max
m=1,...,M
‖TA(·)fm‖Lρ(0,∞;B˙k−αp,2 )
6 C max
m=1,...,M
sup
f∈B(fm,δ)
‖f − fm‖H˙k−α + C max
m=1,...,M
‖TA(·)fm‖Lρ(0,∞;B˙k−αp,2 )
6 Cδ + C max
m=1,...,M
(
‖fm − fm,l‖H˙k−α + 2
2( 1q−
1
p)l|A|−
2
α(
1
q
− 1
p)‖fm‖H˙k−α+2(1/q−1/p)
)
,
which implies that
lim sup
|A|→∞
sup
f∈K
‖TA(·)f‖Lρ(0,∞;B˙k−αp,2 )
6 Cδ + C max
m=1,...,M
‖fm − fm,l‖H˙k−α.
Letting l →∞ and δ → 0, we obtain (5.2). 
Proof of Theorem 1.3. Let κ, α, p, ρ satisfy the asumptions in Theorem 1.3 and
let K ⊂ H2−α(R2) be precompact in H˙1−α(R2) ∩ H˙2−α(R2). In this proof, we also
consider the approximation sequence {θn}∞n=0 defined in section 4 (see (4.1)). Since
(4.13) holds for s = 2− α and θ0 ∈ H
2−α(R2), we have
‖θn+1‖Y 6 C4‖TA(·)θ0‖Y + C4κ
− 1
ρ‖(1− SN+3)θ0‖H˙2−α
+ C4κ
− 1
α(
2
p
+α−1)2N‖θn‖Y ‖TA(·)θ0‖Y
+ C4κ
− 1
α(
2
p
+α−1)‖θn‖Y ‖TA(·)θ0‖Y
+ C4κ
− 1
α(
2
p
+α−1)‖θn‖Y ‖θ
n+1‖Y
(5.3)
for some C4 = C4(α, p) > 0. Here, we have written ‖F‖Y := ‖F‖Lρ(0,∞;B˙2−αp,2 ) +
‖F‖Lρ(0,∞;B˙1−αp,2 ). As (4.30) also holds for s = 2− α, we have
‖θn+1 − θn‖Lρ(0,∞;B˙1−αp,2 )
6 C5κ
1
α(1−
2
p)‖θn‖Lρ(0,∞;B˙2−αp,2 )
(
‖θn+1 − θn‖Lρ(0,∞;B˙1−αp,2 ) + ‖θ
n − θn−1‖Lρ(0,∞;B˙1−αp,2 )
)
(5.4)
for some C5 = C5(α, p) > 0. Let R = R(κ, α, p) > 2 satisfy
C4
κC5R
<
1
2
. (5.5)
Then, by (5.1) of Lemma 5.1, we can take a N0 = N0(κ, α, p,K) ∈ N so that
sup
f∈K
‖(1− SN0+3)f‖H˙2−α 6
1
8C4C5R
. (5.6)
THE 2D DISSIPATIVE DISPERSIVE QUASI-GEOSTROPHIC EQUATION 27
For this N0, we use (5.2) of Lemma 5.1 and choose A0 = A0(κ, α, p,K) > 0 so that
sup
f∈K
‖TA(·)f‖Y 6 κ
− 1
α(1−
2
p) min
{
1
4C4C5R
,
κ
2N0+3C4
}
(5.7)
holds for all A ∈ R with |A| > A0. Let θ0 ∈ K and A ∈ R with |A| > A0. Then, it
follows from (5.3), (5.6) and (5.7) that
‖θn+1‖Y 6
κ−
1
α(1−
2
p)
4RC5
+
1
4
‖θn‖Y + (C4κ
−1+ 1
α(1−
2
p)‖θn‖Y )‖θ
n+1‖Y . (5.8)
Then, by (5.8) and the inductive argument, we have
‖θn‖Y 6
κ−
1
α(1−
2
p)
C5R
(5.9)
for all n ∈ N ∪ {0}. Using (5.9) and (5.4), we have
‖θn+1 − θn‖Lr(0,∞;B˙1−αp,2 ) 6
1
R− 1
‖θn − θn−1‖Lr(0,∞;B˙1−αp,2 ).
Since 0 < 1/(R − 1) < 1 holds, the approximation sequence {θn}∞n=0 converges
in Lρ(0,∞; B˙1−αp,2 (R
2)). If we denote by θ the limit of {θn}∞n=0, then we find that
θ is a solution to (1.1) and the uniform estimate (5.9) yields that θ belongs to
Lρ(0,∞; B˙2−αp,2 (R
2)). Since the uniform boundedness (4.26) and (4.27) hold for s =
2− α, we also see that
θ ∈ L∞(0,∞;L2(R2)) ∩ L˜∞(0,∞; H˙2−α(R2)). (5.10)
We note that the proof of (5.10) breaks down if p = 8/(4 − α) since β defined
in (4.24) equal to 1. Using (5.10) and the similar argument as in Section 4, we
can prove θ ∈ C([0,∞);H2−α(R2)). Here, in order to prove this, we need the
condition α < 1 since we use the continuous embedding H2−α(R2) →֒ L∞(R2). The
uniqueness of solutions to (1.1) is also proved by the same argument as in Section
4. This completes the proof. 
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